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Wireless Channels
Wireless channels:

Multipath propagations
Time variations due to relative motion between tx/rx and 
changes of the environment
Interference to/from other transmissions

Electromagnetic waves travel thru:
Reflection
Refraction
Scattering
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Path Loss (1)
First order characterization of the average received 
signal power level
Free space: 

Only line-of-sight (LOS) between tx & rx

Two-Ray model: 
One LOS and one reflected path
If d 2 >> ht hr ,
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Path Loss (2)
In general, the average receive power is

d : distance between tx and rx
c : a constant

: path loss exponent varying with environments
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Shadowing
If we average the receive power in a smaller window, 
the average receive signal strength is random

Signal is absorbed by obstacles between tx and rx

The received power in dBm scale:

In Log-normal fading model,  X ~ N(0, 2 )

Large-scale fading
Path loss and shadowing
determine the average SNR 
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Small-Scale Fading
Rapid fluctuation of the received signal in space, 
time and frequency
Caused by the superposition of a large number of 
independent scattered components
Multipath fading
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Input/output model of wireless channel (1)

Multipath propagation
The input/output relation 
of a wireless channel is

x(t) : input signal with non-zero BW 
ai (t) : attenuation of path i at time t

i (t) : propagation delay of path i
depend on the propagation length of path i
time-varying due to moving tx/rx/reflector 
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y(t) =

N(t)X
i=1

ai(t)x(t¡ ¿i(t))

Input/output model of wireless channel (2)

Since the channel is linear, the 

Channel impulse response is

Linear time-varying

When tx, rx and the environment are stationary, 

Linear time-invariant

Frequency response of the time-varying channel is
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y(t) =

N(t)X
i=1

ai(t)x(t¡ ¿i(t))

=

Z 1

¡1
h(¿; t)x(t¡ ¿)d¿

h(¿; t) =

N(t)X
i=1

ai(t)±(¿ ¡ ¿i(t))

h(¿) =

N(t)X
i=1

ai±(¿ ¡ ¿i)

H(f; t) =

Z 1

¡1
h(¿; t)e¡j2¼f¿d¿ =

N(t)X
i=1

ai(t)e
¡j2¼f¿i(t)



Baseband equivalent model (1)
Typical signal transmits in a passband [ fc W/2, fc W/2]

fc: carrier frequency
W :  bandwidth 

To design the system baseband equivalent model
Consider a bandlimited signal s(t)
with Fourier transform S(f)
The baseband equivalent sb(t)
has Fourier transform:

sb(t) is complex
sb(t) is bandlimited in[ W/2, W/2]
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Sb(f) =

½ p
2S(f + fc); f + fc > 0

0; f + fc · 0

Baseband equivalent model (2)

To construct s(t) from sb(t) ,

The relation between s(t) and sb(t) is
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p
2S(f) = Sb(f ¡ fc) + S¤b (¡f ¡ fc)

s(t) = 1p
2

£
sb(t)e

j2¼fct + s¤b(t)e
¡j2¼fct

¤
=
p

2< £
sb(t)e

j2¼fct
¤

Up-conversion Down-conversion



Baseband equivalent model (3)
Back to fading channel w. input x(t) & output y(t)
Let xb(t) & yb(t) be baseband equivalent of x(t) & y(t),
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x(t) =
p

2< £
xb(t)e

j2¼fct
¤

y(t) =
p

2< £
yb(t)e

j2¼fct
¤

In-Phase

Quadrature 
Phase

Baseband equivalent model (4)

Similarly, 

The baseband equivalent channel is
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Baseband equivalent model (5)
In time domain, the baseband output is

Sum of delayed replicas of the baseband input

The magnitude changes slowly
The phase is changed by /2, if the delay changes by 1/(4fc )

or,  if the path length changes by /4 = c /(4fc )
if path length is changed with velocity v, 
it takes time = /4v = c /(4fc v) = 1/(4D)
(Doppler shift D = fc v/c )

(ex) Assume fc=900MHz and  v = 60km/h, it takes 5ms         
to rotate the phase by /2
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yb(t) =
P

i a
b
i(t)xb(t¡ ¿i(t))

ab
i(t) = ai(t)e

¡j2¼fc¿i(t)

Discrete-time baseband model (1)
Next step: convert the continuous-time channel to a 
discrete-time channel model
Assume that the input waveform is bandlimited to W

The baseband equivalent is limited to W/2

x[n] = xb(n/W): samples of xb(t) with sampling rate W
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xb(t) =
P

n x[n]sinc(Wt¡ n)



Discrete-time baseband model (2)
The baseband output is

Sampling with rate W, the output y[m]=yb(m/W) is

hl[m]:  the l-th channel filter tap at time m

if the channel is stationary, 
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yb(t) =
P

i a
b
i(t)xb(t¡ ¿i(t))

=
P
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P

i a
b
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P

n x[n]
P

i a
b
i(m=W )sinc(m¡ n¡W¿i(m=W ))

=
P

` x[m¡ `]
P

i a
b
i(m=W )sinc(`¡W¿i(m=W ))

m n = l

=
P

` x[m¡ `]h`[m]

h`[m] =
P

i a
b
i(m=W )sinc(`¡W¿i(m=W ))

h` =

N(t)X
i=1

ab
isinc(`¡W¿i)

Discrete-time baseband model (3)
hl[m]: is a function of 

Path gains : ai
b(t)

Path delays: i(t)

38

h`[m] =
P

i a
b
i(m=W )sinc(`¡W¿i(m=W ))h`[m] =

P
i a

b
i(m=W )sinc(`¡W¿i(m=W ))



Discrete-time baseband model (4)
The sampling operation can be viewed as 
modulation and demodulation
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Additive white noise (1)
At last step, include additive noise in the model

W(t): zero-mean AWGN with power spectral density N0/2

Discrete-time baseband equivalent model is:

w[m]: low-pass noise(baseband) at sampling time m/W
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y(t) =
P

i ai(t)x(t¡ ¿i(t)) + w(t)

y[m] =
P

` x[m¡ `]h`[m] + w[m]



Additive white noise (2)

{ m,1(t), m,2(t)}m forms an orthonormal set
w(t) is white Gaussian process
{ (w[m]), (w[m])}m are all i.i.d.

{w[m]}m are i.i.d. w[m] is white
{ (w[m]), (w[m])} are i.i.d.

w[m] is circular symmetric
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< (w[m]) =
R1
¡1w(t)ªm;1dt

= (w[m]) =
R1
¡1w(t)ªm;2dt

ªm;1 =
p

2W cos(2¼fct)sinc(Wt¡m)

ªm;2 = ¡p2W sin(2¼fct)sinc(Wt¡m)

Circular Symmetric Random Variable

A complex random variable X = XR+jXI is Circular 
symmetric if for any [0,2 ]

X and ej X have the same distribution
E[X] = E[ej X] E[X] = 0

= , ej X = XI+jXR
XI and XR have identical distributions
E[XR XI] = E[XR XI] = 0 

= ,   ej X = XR jXI
distributions of XI and XR are symmetric w.r.t zero

If X is Circular Symmetric Gaussian
XI and XR are zero-mean and i.i.d. Gaussian
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Statistical Channel Models (1)
Statistical characterization of {hl[m]}
Discrete-time baseband model

Assume that there are a large number of independent 
reflected and scattered paths with random amplitude
The phase of the i-th path is 2 fc i modulo 2

fc i di / , di : distance of the i-th path; 

if di >> 2 fc i mod 2 is uniformly distributed in [0, 2 ]
is modeled as a 

circular symmetric complex r.v.
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y[m] =
P

` x[m¡ `]h`[m] + w[m]

h`[m] =
P

i ai(m=W )e¡j2¼fc¿i(m=W )sinc(`¡W¿i(m=W ))

ai(m=W )e¡j2¼fc¿i(m=W )sinc(`¡W¿i(m=W ))

Statistical Channel Models (2)
hl[m] is a sum of many small indep circular symmetric r. vs.

(hl[m]) & (hl[m]) are sums of many small indep real r.vs.
By Central Limit Theorem (CLT),

(hl[m]) & (hl[m]) are i.i.d. zero-mean Gaussian r.vs.
hl[m] is circular symmetric CN(0, l

2)
The variance l

2 is a function of l, and independent with m
Thus, hl[m] is a Rayleigh r.v. 

hl[m] is exponentially distributed

Rayleigh fading
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f(x) = x
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`
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³
¡ x2

2¾2
`

´
; x ¸ 0

f(x) = 1
¾2

`
exp

³
¡ x

¾2
`

´
; x ¸ 0



h`[m] =
p

·
·+1

¾`e
j +

q
1

·+1
CN(0; ¾2

` )

Statistical Channel Models (3)
If line-of-sight (LOS)is strong, and there are many indep paths, 
the channel is modeled as

(K factor) is the ratio of energy in LOS and energy in 
the scattered paths
The larger , the more deterministic is the channel
hl[m] is  Rician distributed
Rician fading
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Summary of fading channel model
Flat fading model

w[m]~CN(0, N0)
For Rayleigh fading, h[m]~CN(0, h

2)

Frequency selective fading model

For Rayleigh fading, hl[m]~CN(0, h
2)

Time-varying channel model
Quasi-static or block fading channel
Gauss-Markov channel model
Clarke’s model 
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Outline

2.1  Wireless channels
2.2  Outage probability and error probability over 

fading channels
2.2.1 Average error probabilities over Rayleigh fading channels
2.2.2 Outage probability for Rayleigh fading channels

2.3  Diversity Techniques
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AWGN Channel
Recall the AWGN channel

depends only the transmit energy

For BPSK signaling, 
x[m] is detected by

The error probability is 

Pe decays exponentially in SNR
It demands SNR= 7 dB to have Pe = 10 3
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Coherent detection in fading channel

In flat fading channel

Rayleigh fading h~CN(0,1)
AWGN w~CN(0,N0)

Assume h is known at rx coherent detection

The nose h*w/|h|~CN(0,N0)

With BPSK signaling, the coherent detection is 
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Average error probabilities over 
Rayleigh fading channels (1)

For a given channel h, the error probability is

In Rayleigh fading, |h|2 is exponential with E[|h|2]=1
The average error probability is
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Average error probabilities over 
Rayleigh fading channels (2)

For Rayleigh fading channel, the error probability is

At high SNR, 

Pe decays inversely with SNR
It demands SNR= 24 dB to have Pe = 10 3

17 dB loss compared with AWGN
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Average error probabilities over 
Rayleigh fading channels (3)
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Outage probability for Rayleigh fading channels

In flat fading channel

Given the channel h, the receive SNR is random,

is exponentially distributed with  

Outage probability(Pout)
Pout=Pr{Channel is in deep fade}
Pout=Pr{SNR is dropped below a threshold th }

At high SNR,  the outage probability is approximated by

inversely proportional to SNR
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Outline

2.1  Wireless channels
2.2  Outage probability and error probability over 

fading channels
2.3  Diversity Techniques

2.3.1  Diversity in time, frequency,  and space domains
2.3.2  Maximal Ratio Combining
2.3.3  Selection Combining
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Time/Frequency Diversity
Time Diversity

Transmit the same signal several times in different time-slots
In slow fading,  it 
takes a long time 
to transmit another 
replica 

Frequency Diversity
Transmit a few replicas over different frequency band
With delay spread = 200 s, minimum frequency separation 
is 5KHz
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Spatial Diversity 
“Space” can be used as a resource to provide diversity
Assume that the rx has multiple antennas

Different replica of the signal are picked up at each signal
The separation between antennas is assumed at least /2
The received signals undergo different channel fades

provide spatial diversity
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System model of Lth order diversity
Consider a BPSK symbol is transmitted 
over L diversity branches

AWGN wl ~ CN(0,N0)
Rayleigh fading, hl ~ CN(0,1)
SNR of the lth branch

Signals obtained thru different 
diversity branches are combined 
to detect the symbol x
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. . .

Diversity Combining Methods
Optimum combining:

Maximal Ratio Combining (MRC)

Suboptimal combining:
Equal Gain Combining (EGC) 
Selection Combining (SC)
Switch-and-Stay Combining (SSC)

Diversity order

or
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Maximal Ratio Combining (1)
Assume that {h1,h2,…,hL} are known at rx
The maximal likelihood (ML) decision is
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Maximal Ratio Combining (2)
Optimal decision rule:

Linearly combines the received signals after co-phasing and 
weighting them with the respective channel gains
The branches with better channel gains are emphasized 
more than others since they are more reliable
The resulting combining is maximal ratio combining (MRC)

Effective channel model of MRC:

Noise
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Maximal Ratio Combining (3)
SNR of L branches of diversity with MRC is

eff is Chi-Square distributed with 2L degrees of freedom
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Chi-Square Random Variable

Let X1, X2,…, Xn be i.i.d. Gaussian random variables, Xi ~ CN(0, 2). 
X= X1

2 + X2
2 +…+ Xn

2 is a Chi-Square r.v. with n degrees of freedom.
If n = 2m, the PDF and CDF of X are

PDF:

CDF:

Maximal Ratio Combining (4)
Outage Probability with MRC

(ex) Let x= thN0/Es . At high SNR, x 0. Assume that L=3, and Pout is 
approximated by

Outage probability decays with 1/(SNR)L
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Maximal Ratio Combining (5)
Average error probability with MRC
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For X~N(0,1)

Hard to obtain 
diversity order

Maximal Ratio Combining (6)
To study the behavior of average error probability, use 
the upper bound on Q-function

Average error probability decays with SNR L
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At any time interval, one branch with largest SNR is 
used in demodulation

Selection combining (SC)
The selected signal is

The effective SNR of selection combining is

Selection Combining (1)
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Selection Combining (2)
CDF of eff

PDF of eff

66



Selection Combining (3)
Outage probability of selection combining

At high SNR, 

Outage probability decays with (Es/N0) L
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Selection Combining (4)
Average error probability of selection combining

At high SNR, ( 1 e x x )

Average error probability decays with (Es/N0) L
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MRC v.s. SC (1)
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MRC v.s. SC (2)
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Switch and Stay Combining
Selection combining can achieve full diversity by 
switching to the branch with largest SNR

May require switch operations frequently

Switch and Stay Combining (SSC)
1. Rx switches to the branch with largest SNR and stays
2. When the SNR of the selected branch drops below th , 

switch to the other branch with highest SNR

Outage probability
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th

Equal Gain Combining
Equal Gain Combining (EGC): simply co-phase and 
combine all branches of signals with equal gain

AWGN w’~ CN(0,LN0)

Effective SNR of EGC

BER Performance is comparable to MRC within 1dB
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